Introduction
In every part of this study, we focus on only commutative rings with 1 ̸ = 0 and nonzero unital modules. Let R always denote such a ring and M denote such an R -module. The notion of prime submodule has a significant place in the theory of modules, and it is used to characterize certain classes of modules. For years, there have been many studies and generalizations on this issue. See, for example, [6] , [8] , [14] , and [18] . The aim of this article is to introduce S -prime submodules and S -torsion-free modules and to characterize certain prime submodules, S -Noetherian modules, simple modules, and torsion-free modules in terms of these concepts.
For the sake of completeness, we begin with some definitions and notations that will be followed in this paper. Let P, K be two submodules of an R -module M and J an ideal of R. Then the residual P by K and J is defined as follows:
(P : R K) = {a ∈ R : aK ⊆ P },
Particularly, we use ann(M ) instead of (0 : R M ), and we use (P : M s) instead of (P : M Rs), where Rs is the principal ideal generated by an element s ∈ R. Also, for any s ∈ R and m ∈ M, we use ann M (s) to denote (0 : M Rs) and also we use ann R (m) to denote (0 : R Rm) , where Rm is a cyclic submodule generated by m ∈ M. The sets of prime ideals and maximal ideals are denoted by Spec(R) and M ax(R), respectively. A ring R is called quasilocal if |M ax(R)| = 1 . Recall from [11] that a prime submodule is a proper submodule * Correspondence: tarik.arabaci@bilgi.edu.tr 2010 AMS Mathematics Subject Classification: 16P40, 13A15, 16D60 P of M having the property that am ∈ P implies a ∈ (P : R M ) or m ∈ P for each a ∈ R and m ∈ M . In that case, (P : R M ) ∈ Spec(R). An R -module M is called a multiplication module if P = (P : R M )M for every submodule P of M [9] . If the only submodules of M are 0 and M , then we call M a simple module [15] .
Consider a nonempty subset S of R. We call S a multiplicatively closed subset (briefly, m.c.s.) of R if (i) 0 / ∈ S, (ii) 1 ∈ S, and (iii) ss ′ ∈ S for all s, s ′ ∈ S [17] . Note that S P = R − P is a m.c.s. of R for every P ∈ Spec(R). Let S be a m.c.s. of R and P a submodule of M with (P : R M ) ∩ S = ∅. Then the submodule P is called an S -prime submodule if there exists s ∈ S, and whenever am ∈ P, then sa ∈ (P : R M ) or sm ∈ P for each a ∈ R, m ∈ M. Particularly, an ideal I of R is called an S -prime ideal if I is an S -prime submodule of R -module R. Note that all prime submodules P whose residual by M is disjoint from S become an S -prime submodule since 1 ∈ S. Also, if we take S ⊆ u(R), where u(R) denotes the set of units in R , the notions of S -prime submodules and prime submodules are equal. Here, we denote the sets of all prime submodules and all S -prime submodules by Spec( R M ) and Spec S ( R M ), respectively. In particular, we write Spec S (R) to express the set of all S -prime ideals of R. Among many results in Section 2, we investigate the properties of S -prime submodules similar to prime submodules. In particular, we investigate the behavior of Recall the following well-known definition: an R -module M is torsion-free if the torsion subset T (M ) = {m ∈ M : ann R (m) ̸ = 0} is zero. Let M be an R -module and S ⊆ R be a m.c.s. of R with ann(M )∩S = ∅. We call M an S -torsion-free module with am = 0 implying either sa = 0 or sm = 0 for some fixed s ∈ S and for each a ∈ R, m ∈ M. It can be easily seen that being a torsion-free module is a sufficient condition for being an S -torsion-free module. Also, we can see that the class of S -torsion-free modules properly contains the class of torsion-free modules (observe Example 2.3). It is known that a proper submodule P of M is a prime submodule if and only if M /P is a torsion-free R/(P : R M )-module [12, Lemma 1.1]. We prove that in Proposition 2.24, a sufficient and necessary condition for P being an S -prime submodule is that the factor module M /P is a π(S) -
we give a characterization of torsion-free modules by using S -torsion-free modules (see Theorem 2.25). Finally, we characterize S -Noetherian modules and simple modules in terms of S -prime submodules (see Proposition 2.22 and Theorem 2.26). 
Characterization of S-prime submodules
Proof (i), (ii): It is clear.
(iii): Assume that P ∈ Spec S ( R M ). We need to prove that (P : R M ) and S * are disjoint. Suppose there
1 is a unit of S −1 R and so x 1 a s = 1 for some a ∈ R and s ∈ S. This yields that us = uxa for some u ∈ S . Now put us = s ′ ∈ S. Then note that s
The converses of Proposition 2.2(i) and (iv) are not true in general. See the following two examples. 
Lemma 2.5 Suppose P is a submodule of M and S is a m.c.s. of R satisfying
The following are equivalent:
(ii) There is an s ∈ S , and JN ⊆ P implies sJ ⊆ (P : R M ) or sN ⊆ P for each ideal J of R and submodule N of M.
, there is an s ∈ S so that rm ∈ P implies sr ∈ (P : R M ) or sm ∈ P for each r ∈ R and m ∈ M . Assume that sN ⊈ P. Then there is an n ∈ N with sn / ∈ P. Then note that for each a ∈ J, we have an ∈ P. Since P ∈ Spec S ( R M ) , we can conclude that sa ∈ (P : R M ) and so sJ ⊆ (P : R M ).
(ii) ⇒ (i) : Take a ∈ R and m ∈ M with am ∈ P. Now, put J = Ra and N = Rm . Then we can conclude that JN = Ram ⊆ P. By assumption, there is an s ∈ S so that sJ = Ras ⊆ (P : R M ) or sN = Rsm ⊆ P and so either sa ∈ (P : R M ) or sm ∈ P. Therefore, P ∈ Spec S ( R M ).
2 Corollary 2.6 Suppose S is a m.c.s. of R and take any ideal P with P ∩ S = ∅. Then the following are equivalent:
(ii) There is an s ∈ S, for each ideal I, J of R with IJ ⊆ P, so either sI ⊆ P or sJ ⊆ P.
(ii) If f is an epimorphism and
.
. Now we will show that
is a subset of P , we get am ∈ P. As P ∈ Spec S ( R M ), there is an s ∈ S so that sa ∈ (P : R M ) or sm ∈ P.
The rest follows from Proposition 2.7 (i).
(ii) Assume that P ∈ Spec S ( R M ). Then consider the canonical homomorphism
Proposition 2.9 Let M be an R -module and S a m.c.s. of R. The following statements hold:
(ii) If M is a multiplication module and (P :
Proof (i) Let xy ∈ (P : R M ) for some x, y ∈ R. As P ∈ Spec S ( R M ), there is an s ∈ S so that rm ∈ P implies sr ∈ (P : R M ) or sm ∈ P. Then note that xym ∈ P for all m ∈ M. If sx ∈ (P : R M ), there is nothing to prove. Suppose that sx / ∈ (P : R M ). As P ∈ Spec S ( R M ), sym ∈ P for all m ∈ M so that sy ∈ (P : R M ). Therefore,
(ii) Assume that M is a multiplication module and (P : R M ) ∈ Spec S (R). Let J be an ideal of R and
Assume that M is a multiplication module and K, L are two submodules of M. The product of K and
. As an immediate consequence of the previous proposition and Lemma 2.5, we have the following explicit result. 
(ii) There is an s ∈ S, for every submodule L, N of M with LN ⊆ P, and then sL ⊆ P or sN ⊆ P.
Theorem 2.11
Let M be a finitely generated multiplication module and P a submodule of M provided that 
(ii) (P : R M ) ∈ Spec S (R).
(iii) P = IM for some I ∈ Spec S (R) with ann(M ) ⊆ I.
Proof (i) ⇔ (ii) :
It is clear from Proposition 2.9.
(ii) ⇒ (iii) : It is obvious. 
Proposition 2.12 Let M be a multiplication module and P
Proof As P ∈ Spec S ( R M ), there is an s ∈ S so that rm ∈ P implies sr ∈ (P : R M ) or sm ∈ P for each r ∈ R and m ∈ M . Let sL ⊈ P. Then sm / ∈ P for some m ∈ L. Take an element a ∈ (N : R M ). This yields
Lemma 2.13 Let R = R 1 × R 2 and S = S 1 × S 2 , where S i is a m.c.s. of R i . Suppose P = P 1 × P 2 is an ideal of R. So the following are equivalent:
(ii) P 1 ∈ Spec S1 (R 1 ) and
We may assume that
Let xy ∈ P 2 for some x, y ∈ R 2 . Since (0, x)(0, y) ∈ P and P ∈ Spec S (R), we get either s(0, x) = (0, s 2 x) ∈ P or s(0, y) = (0, s 2 y) ∈ P and this yields s 2 x ∈ P 2 or s 2 y ∈ P 2 . Therefore, P 2 ∈ Spec S2 (R 2 ) . In the other case, one can easily show that P 1 ∈ Spec S1 (R 1 ) .
This yields that bd ∈ P 2 and thus there exists
In other case, one can similarly prove that P ∈ Spec S (R). 2 
Theorem 2.14 Suppose that
M 2 ) ∈ Spec S (R) and so by Lemma 2.13, either (
In the other case, it can be similarly shown that 
Theorem 2.15 Let
Proof We apply induction on n. For n = 1, the result is true. If n = 2, then (i) ⇔ (ii) follows from Theorem 2.14. Assume that (i) and (ii) are equal when k < n. Now, we shall prove (i) ⇔ (ii) when k = n. Let
Then by Theorem 2.14, the necessary and sufficient condition for
The rest follows from the induction hypothesis. 2
Lemma 2.16 Suppose that
The following statements hold for some s ∈ S :
(ii) ((P :
Then there is an s ∈ S so that rm ∈ P implies sr ∈ (P : R M )
(
ii): Follows from (i). 2 Proposition 2.17 Suppose that M is a finitely generated R -module, S ⊆ R is a m.c.s. of R, and P is a
submodule of M satisfying (P : R M ) ∩ S = ∅. The following are equivalent:
(ii) S −1 P is a prime submodule of S −1 M and there is an s ∈ S satisfying (P :
Proof (i) ⇒ (ii) : It is clear from Proposition 2.2 and Lemma 2.16.
and M is finitely generated, we can conclude that
Theorem 2.18 Suppose that P is a submodule of
. This yields that as ∈ (P : R M ) or sm ∈ P. Conversely, assume that P ∈ Spec S ( R M ). Then there is an s ∈ S so that am ∈ P implies sa ∈ (P : R M ) or sm ∈ P. Now we prove that (P : M s) ∈ Spec( R M ) . Take r ∈ R, m ∈ M with rm ∈ (P : M s). Then (sr)m ∈ P. As P ∈ Spec S ( R M ) , we get s 2 r ∈ (P : R M ) or sm ∈ P. If sm ∈ P, then there is nothing to show. Assume that sm / ∈ P. Then s 2 r ∈ (P : R M ) and so 
The rest follows from Proposition 2.2(i). 
Now we determine all prime submodules of a module over a quasilocal ring in terms of S -prime submodules.
Corollary 2.20
Suppose M is a module over a quasilocal ring (R, M). The following are equivalent:
a commutative ring whose addition is componentwise and whose multiplication is defined as (a, m) 
. If S is a m.c.s. of R and P is a submodule of M, then
Proposition 2.21
Suppose that S is a m.c.s. of R and P is an ideal of R provided P ∩ S = ∅. The following are equivalent:
(ii) P (+)M ∈ Spec S(+)0 (R(+)M ).
Then we get xy ∈ P. As P ∈ Spec S (R), we can find s ∈ S so that sx ∈ P or sy ∈ P.
(ii) ⇒ (iii) : It is clear from Proposition 2.2.
, there is an s = (s 1 , m 1 ) ∈ S(+)M so that s(x, 0) = (s 1 x, xm 1 ) ∈ P (+)M or s(y, 0) = (s 1 y, ym 1 ) ∈ P (+)M and hence we get s 1 x ∈ P or s 1 y ∈ P. Therefore,
Let M be an R -module and S a m.c.s. of R . The concept of S -Noetherian modules, a generalization of Noetherian modules, was first studied by Anderson and Dumitrescu in [3] . Recently it has drawn attention and there have been many studies on this issue. See, for example, [1] and [7] . Suppose P is a submodule of M. We can call P an S -finite submodule if there is an s ∈ S and a finitely generated submodule
, then the concepts of S -Noetherian modules and Noetherian modules coincide. Also, if R is an S -Noetherian R -module, then we call R an S -Noetherian ring. The authors in [3] extended many properties of Noetherian rings and modules to S -Noetherian rings and S -Noetherian modules. In particular, they proved the S -version of Cohen's theorem: let M be an S -finite R -module. Then M is an S -Noetherian R -module if and only if P M is S -finite for every prime ideal P of R (disjoint from S). As every prime ideal P disjoint from S is an S -prime ideal, we give the following explicit result. Proof Suppose P ∈ Spec S ( R M ). Let am = 0 M /P , where a = a + (P : R M ) and m = m + P for some a ∈ R, m ∈ M. This yields that am ∈ P. As P ∈ Spec S ( R M ), there is an s ∈ S so that sa ∈ (P : R M ) or 
Proposition 2.22 Assume M is an S -finite R -module, where S is a m.c.s. of R. Then M is an S -Noetherian module if and only if P M is an S -finite submodule for every P ∈ Spec S (R).

Proof
